We studied the spreading of soluble surfactants on spatially confined thin liquid films by means of comprehensive experiments and numerical simulations. We determined the time evolution of the liquid film thickness both from interference microscopy measurements and finite element calculations. A characteristic rim develops ahead of the spreading surfactant front. Within certain time intervals, the rim position can be well represented by a power-law relation x rim z t a . The corresponding spreading exponent a depends on the method of surfactant deposition and the numerical values deduced from experiments and simulations quantitatively agree. Depth-resolved simulations that account for domain deformability using the Arbitrary Lagrangian-Eulerian method show that shear-induced concentration non-uniformities across the rim film thickness tend to reduce the rim height. Fingering instabilities that are frequently observed in experiments were qualitatively reproduced in the simulations.
Soft Matter
We elucidate the influence of confinement induced by chemical patterning on the spreading of soluble surfactants along thin liquid films.
I. Introduction
In the context of oil recovery, up to about 60% of the originally present crude oil remains in a reservoir after the primary and secondary recovery phases. 27, 28 Injection of surfactant solutions is considered a potential means for extracting more oil from subsurface oil reservoirs. 41, 44 Non-uniform surfactant distributions at fluid-fluid interfaces give rise to interfacial tension gradients and associated Marangoni stresses, which locally cause flow from regions of lower to regions of higher interfacial tension.
The spreading of insoluble surfactants at the air-liquid interface of thin liquid films has been extensively studied. 3, 7, 8, [15] [16] [17] 19, 20, 25, 26, 33, 34, 36, 45, 46, 48, 51, 53 It was observed that film thinning occurred in the vicinity of the deposited surfactant as well as film thickening and the formation of a rim near the surfactant leading edge. The rim position x rim (t) follows a power law behavior x rim z t a , where a is the so-called spreading exponent. A variety of spreading exponents were reported for different material systems and geometrical configurations: a ¼ 0.5 for planar spreading, 3, 7 exponents around a ¼ 0.25 for axisymmetric spreading with large Peclet numbers 19, 20 and values around 0.33 for spreading along chemically defined liquid rivulets. 45 In technological applications, surfactants are often soluble in at least one phase. The spreading dynamics of soluble surfactants at air-liquid and liquid-liquid interfaces has been studied in ref. 1, 2, 4, 5, 10, 21, 24, 29, 30, 32, 35, 36, 39, 50 and 54. Troian et al. reported the occurrence of a fingering instability at the spreading edge of the surfactant droplet deposited on a thin liquid film. 50 The growth rate of the fingers was measured to be 0.7 and 0.66 for thick and thin films, respectively. Jensen and Grotberg presented a one-dimensional model for the spreading of soluble surfactants 24 considering linearized Langmuir sorption kinetics and fast vertical diffusion across the film thickness. Different solubilities of the surfactant induced qualitative differences in the flow patterns. Lin et al. pointed out that the generalized Frumkin model for the surfactant adsorption-desorption dynamics resulted in a higher spreading rate as compared to the Langmuir model. 32 Craster and Matar 10 considered wettability modification due to surfactant adsorption at liquid-solid interfaces. Berg 5 performed surfactant spreading experiments along a flat interface between deep, immiscible fluid layers and observed spreading exponents equal to a ¼ 3/4.
In the context of pulmonary surfactant transport, several groups investigated exogenous surfactant spreading along thin liquid films adhering to the interior surface of hollow tubes. 12, 14, 18, 52, 56 Espinosa et al. 14 found that the effect of circumferential curvature was negligible, as if spreading occurred over a flat surface. For a linear equation of state, a spreading exponent a ¼ 1/3 was reported. Williams and Jensen 56 considered the effect of circumferential non-uniformities of the liquid film thickness and concluded that flow-induced shape deformations of the liquid lining influence the spreading dynamics only weakly.
Numerical methods for interfacial flows involving insoluble surfactants include the volume-of-fluid scheme used to describe axisymmetric spreading of the surfactant on a moving liquidfluid interface 23 and the level-set method applied for twodimensional spreading. 58 For the computationally more challenging flows with soluble surfactants, a diffuse interface method was presented by Van der Smaan and Van der Graaf 47 for surfactant adsorption onto liquid interfaces. A diffuse-interface implementation including the effects of advection, diffusion and bulk-surface exchange of soluble surfactants was introduced by Teigen et al. 49 together with a finite difference technique to model two-phase flows. Their approach was limited to relatively low Peclet numbers. High Peclet numbers pose a computational challenge due to the occurrence of concentration boundary layers. Recently, Booty and Siegel presented a hybrid numerical method incorporating a perturbation analysis of the layer and a full numerical solution of boundary problem. 6 In this manuscript, we systematically study the spreading of soluble surfactants along thin liquid films deposited on chemically patterned surfaces using both experiments and numerical simulations. Completely and partially wetting patterns confine the location and flow of liquid to predefined regions on the substrate in the shape of long and narrow stripes. We investigate the consequences of geometrical confinement and the non-zero curvature of the interface on the surfactant spreading dynamics as a first step towards more complex, branched and threedimensional geometries encountered in porous media.
Since the aspect ratio of the thin liquid films is very small, we apply the lubrication approximation 24, 38 for the description of the spreading dynamics and achieve excellent agreement with the spreading exponents observed in interference microscopy experiments. The underlying assumption of a vertically uniform concentration distribution is strictly valid only for sufficiently large diffusion coefficients or sufficiently small film thicknesses, i.e. sufficiently small Peclet numbers Pe. For large Pe we apply a finite-element-based Navier-Stokes solver used in conjunction with an arbitrary Lagrangian-Eulerian technique to model soluble surfactant spreading and account for the domain deformability. This novel scheme allows for values of the Peclet number up to approximately 10 5 , based on the velocity scale of Marangoni spreading.
In Section II we describe the sample fabrication, the experimental setup and procedures. Typical experimental results are presented in Section III. In Section IV we outline the theoretical model for the spreading dynamics of soluble surfactants on thin liquid films along with its numerical implementation. Numerical results are presented in Section V, followed by a comparison with experimental data in Section VI.
II. Experimental procedure
Single-side polished Silicon wafers (n-type doped with P) with a diameter of 150 mm obtained from Silicon Quest (batch number SQ13869) were cut to dimensions of typically 50 mm Â 50 mm Â 0.7 mm. The substrates were cleaned in two steps, first by immersion in a solution of hydrogen peroxide (30%, J.T. Baker product number 7047) and sulfuric acid (95%, J.T. Baker product number 6057), mixed at a volume ratio of 1 : 1, and subsequently by exposure to an oxygen plasma. Self-assembled monolayers of 1H,1H,2H,2H-perfluorooctyl-trichlorosilane (PFOTS, purity >97%, Sigma-Aldrich product number 448931) were used to fabricate chemical surface patterns. The patterns were created by vapor deposition of PFOTS in a sealed glass jar at T ¼ 100 C onto photolithographically masked substrates, i.e. the hydrophilic regions were covered with photo-resist and the partially wetting ones were left uncovered prior to the vapor deposition. Rectangular shaped hydrophilic patterns were used in the experiments described here. The width of the hydrophilic patterns was w # 1.5 mm and the length was L ¼ 40-70 mm. The advancing contact angle for glycerol was between 70 and 90 on the partially wetting and 0 on the hydrophilic areas with sufficient spatial uniformity, which is essential for the reproducibility of the measurements.
Using the aforementioned mixture of hydrogen peroxide and sulfuric acid, the hydrophilic regions were repeatedly cleaned prior to each experiment. Following the cleaning, liquid films (rivulets) of anhydrous glycerol (Sigma-Aldrich product number 49767, purity 99%), with density r ¼ 1.26 g cm À3 and surface tension g ¼ 63.4 mN m À1 , 37 were spin-coated onto the hydrophilic regions, resulting in a center thickness in the range of h 0 ¼ 1-10 mm. Fig. 1(a) shows a typical example of a rivulet prior to surfactant deposition. We conducted our experiments at a temperature of 25 C and determined the associated viscosity of glycerol as m (25 C) ¼ (876 AE 3) mPa s using a Brookfield DV-II+ Pro viscometer which agrees with literature values 31, 43 for pure glycerol.
The soluble surfactant sodium dodecyl sulfate (SDS, Sigma-Aldrich product number 436143, purity 99%) is a surface-active substance that is soluble in glycerol. We determined the dependence of the glycerol surface tension g on the SDS bulk concentration c experimentally using a Wilhelmy plate technique, with the resulting data shown in Fig. 2 . For concentrations c exceeding 0.064 mol l À1 , a pronounced kink is visible in Fig. 2 , which we ascribe to the formation of micelles. In this range we furthermore observed gelation of the liquid associated with a strong change in the rheology of the liquid which made surface tension determination in this concentration region somewhat unreliable. We were unable to find literature values for the bulk diffusion coefficient D b of SDS in glycerol. We estimate the value of D b as (2-5) Â 10 À13 m 2 s À1 based on the measurements for SDS in water, 55 the viscosity ratio and the Stokes-Einstein relation. We conducted two types of experiments to investigate the spreading dynamics of SDS on glycerol rivulets. In the first type termed solution deposition, a 0.1-0.2 ml droplet of an SDS-glycerol solution was deposited onto the sub-phase film. In the second type termed solid deposition, a small pellet of compressed SDS powder was deposited. Fig. 1 shows a series of exemplary interference microscopy images obtained for a rivulet of width w ¼ 1.5 mm and solid deposition.
The dynamics following surfactant deposition were monitored by means of interference microscopy using an Olympus BX51 upright microscope. Depending on the sub-phase film height, the illuminating light was passband-limited around a center wavelength of l ¼ 750 nm or l ¼ 550 nm with a bandpass of Dl z 10 nm providing a resolution of 10-20 nm. All experiments have been performed in a horizontal orientation with the liquid deposited on the upper side of the substrates.
III. Experimental results
The deposited surfactant dissolves into the underlying sub-phase liquid and locally reduces its surface tension inducing Marangoni stresses that in the case of thin liquid films cause a net flow away from the deposition region. A local maximum in the height profile is visible in Fig. 1(b-d) , which is propagating along the rivulet. In the immediate vicinity of the deposited surfactant pellet, pronounced film thinning is observed in Fig. 1(b) .
In Fig. 3 (a) exemplary centerline height profiles h(x,y ¼ 0,t) are presented for different times after solid deposition. These profiles were obtained from an analysis of the corresponding interference fringe patterns. The peak height of the rim h max was initially increasing and was determined to reach a maximum value of about 3.75h 0 in intermediate stages of the experiment. During the course of the experiment the peak is observed to widen over time and in later stages a decrease of the peak height is visible.
In experiments with solid deposition we observe a systematic change in the shape of the rim as it propagates along the rivulet. Initially the rim exhibits a considerable asymmetry in the streamwise direction, which gradually disappears at later times. The asymmetry at early stages manifests itself in the curvature of the interference fringes, which is strong ahead of the peak position while the fringes are practically orthogonal to the flow direction behind the peak, as depicted in Fig. 1(c) . As the experiment progresses this asymmetry vanishes as shown in Fig. 1(d) . Another phenomenon observed during the spreading process is fingering instabilities, 1, 2, 16, 26, 50, 54 which typically occur immediately after solid SDS deposition, but in the later stages in the case of solution deposition as shown in Fig. 4 . shows typical measurements of the rim position as a function of time x rim (t) for solution-(black squares) as well as solid deposition (blue circles). In both cases the experimental data can, to very good approximation, be represented by a power law relation x rim z t a . The solid lines in Fig. 3 (b) correspond to power law fits with exponents a of 0.48 and 0.4 for solution-and solid deposition, respectively. Results for solution deposition vary notably from the ones for solid deposition. The difference can most likely be attributed to the flow induced by the spreading of the deposited droplet as opposed to the case of solid deposition where the source of surfactant can be considered immobile. This difference results in an increase in the observed propagation rate of the surfactant front for solution deposition as illustrated in Fig. 3 
In Fig. 5 (a) we present fitted power law exponents a for various aspect ratios 3 ¼ 2h 0 /w. Experimental exponents were obtained for rivulet widths of w ¼ 1.5 mm and w ¼ 0.3 mm as indicated in by solid symbols. Since interference microscopy is limited to film thicknesses below approximately 10 mm, the smaller rivulet width w allowed the application of this method for higher aspect ratios. x rim ð1000 sÞ $ ffiffiffiffi ffi h 0 p , which is an excellent approximation to the experimentally measured results. The same scaling with h 0 had been observed for the case of insoluble surfactants. 3, 45, 46 Fig. 6(a) shows the spreading exponent a for the case of solution deposition, as a function of the surfactant concentration in the deposited droplet. The exponent appears to be independent of the surfactant concentration with an average value of hai ¼ 0.42. Merely for the highest of the investigated concentrations of c ¼ 0.044 mol l À1 , a slight decrease in the spreading exponent is noticeable. We observed that the SDS solution with concentration of c ¼ 0.044 mol l À1 became turbid and gel-like and its viscosity increased significantly as compared to solutions with lower concentration. We argue that a corresponding local increase in viscosity retards the spreading dynamics of the deposited solution droplet, such that the experiment resembles more the case of solid SDS deposition. Consistent with this notion, a reduction of the measured spreading exponent towards the average value shown in Fig. 5 for solid deposition is observed. Fig. 6 (b) shows the spreading exponent a measured for different initial film heights h 0 and deposited droplets with a surfactant concentration of c ¼ 0.044 mol l À1 , consistent with the results in Fig. 5 . The spreading exponent is to good approximation independent of the film thickness within the considered range with an average value of hai ¼ 0.42.
IV. The mathematical model for soluble surfactant spreading A. Thin films -the lubrication model with vertical averaging
We consider the spreading of a soluble surfactant on a thin liquid film of constant Newtonian viscosity that is chemically confined to a hydrophilic strip of width w and length L. The model geometry is illustrated in Fig. 7 . Since the lateral aspect ratio 3 h 2h 0 /w ( 1, the small-slope approximation can be applied to derive an evolution equation for the sub-phase height profile 38 that accounts for the influence of Marangoni stresses, hydrostatic and capillary pressure gradients. An equation for surfactant surface In the case of soluble surfactants an additional term appears in this equation that accounts for bulk-surface exchange due to adsorption-desorption processes. Jensen and Grotberg developed a theoretical model for the dynamics of thin liquid films in the presence of non-uniform distributions of a soluble surfactant. 24 The authors assumed a linear equation of state g ¼ g 0 À AG with a positive constant A as well as a linear relation between the surfactant bulk concentration in the liquid film c(x,y,z,t) and the equilibrium surface concentration G eq . The bulk transport of surfactant is governed by the convection and diffusion equation
where D b is the bulk diffusion coefficient.
We have generalized this model as to include the full nonlinear Langmuir equation for bulk-surface exchange J as well as the corresponding equilibrium isotherm
where J is the surfactant flux with units of mol m À2 s À1 , k 1,2 are the adsorption-and desorption rate constants, G N is the maximum surface concentration at complete coverage of the surface, and c s (x,y,t) ¼ c(x,y,z ¼ h,t) is the bulk concentration at the surface. For thin films and fast vertical diffusion the concentration c(x,y,z,t) can be decomposed into a component independent of z and a small fluctuation 24
where Pe b is the bulk Peclet number defined in eqn (15) and
Averaging eqn (1) with respect to z, one arrives at a convection-diffusion equation for the height-averaged bulk concentration C(x,y,t), which is discussed below.
The non-linear equation of state derived from the Gibbs adsorption isotherm follows as
where R is the universal gas constant and T the absolute temperature. We used eqn (6) and (3) to fit the experimental data in Fig. 2 for the dependence of surface tension on bulk concentration, g(C), which yielded the parameter values G N ¼ 4.2 Â 10 À6 mol m À2 and k 2 /k 1 ¼ 1.7 Â 10 6 m À1 . Since we do not take into account the presence of surfactant micelles, the validity of this model is restricted to concentrations below the critical micelle concentration. We introduce the scaled variables
and arrive at the dimensionless system of equations 7,24,38,51,57
where the following dimensionless parameters are introduced
Here, p is the augmented pressure, 38 P is the disjoining pressure contribution that is relevant for ultrathin films, 9 Bo is the Bond number, Pe s and Pe b are the Peclet numbers for surfactant surface and bulk transport, D s is the surface diffusion coefficient, Dg m is the maximum spreading pressure as indicated in Fig. 2 , K is the ratio of the time scale of the flow and the time scale of desorption, and b is the surface-bulk partitioning parameter proportional to the ratio of adsorption-desorption rate constants. 59 In the following subsections, we present two separate sets of initial and boundary conditions (BCs), termed finite and continuous surfactant supply, that represent solution-and solid deposition, respectively, as used in the experiments. surfactant. A certain initial quantity of surfactant is distributed uniformly in the region 0 # x # x 0 . We consider two cases with respect to the length of the surfactant deposition region x 0 : an area source with
x 0 ¼ 1 and a line source with x 0 ¼ 0. We define the initial surface and bulk concentrations
The parameter B h 20 defines the steepness of the initial concentration curve. The initial concentrations G 0 and C 0 are assumed to be in equilibrium and thus are related through eqn (3) as
For the case of x 0 ¼ 1 (area source), we impose constant surface and bulk concentrations in the region 0 #
x
For the case of x 0 ¼ 0 (line source), we impose constant surface and bulk concentrations at the boundary
and set b ¼ 1, which corresponds to a smooth transition from finite to vanishing concentration values.
The system of eqn (9) 
where f ( y) is the boundary height profile corresponding to a glycerol rivulet in static equilibrium without surfactants adsorbed. If the influence of gravity is negligible, this profile is parabolic f ( y) ¼ 1À y 2 . Eqn (21) and (22) reflect the mirror symmetry of the system with respect to the planes x ¼ 0 and y ¼ 0. Boundary conditions (eqn (23) and (24)) represent a clean, uncontaminated liquid surface at a large distance from the surfactant deposition region.
The chemical patterning is implemented by means of a discontinuous disjoining pressure, which is represented by the term P in eqn (12). On the hydrophilic strip 0 < y < 1, where glycerol is deposited, we include a repulsive disjoining pressure representing non-retarded van der Waals forces 22
where A > 0 is the Hamaker constant.
Since in our experiments the rivulet volume was sufficiently low such that the liquid remained confined to the hydrophilic region, we only include a narrow partially wetting strip 1 < y < 1.05 adjacent to the hydrophilic strip in our model. In this region, we use the two-term disjoining pressure model introduced in ref. 42 :
where h * is the constant thickness of an ultrathin precursor layer, n > m > 1 are integers,
and q e the equilibrium contact angle. After non-dimensionalization, we obtain the expressions
where
In our simulations we use the following values: h * ¼ 0.005, q e ¼ 10 , n ¼ 3, m ¼ 2 and A ¼ 7 Â 10 À20 N m.
The BCs at the outer boundary of the partially wetting strip are represented by the no-flux conditions 
The initial conditions for the film thickness in the partially and completely wetting regions are prescribed to be h ¼ h * and h( x, y,0) ¼ h * + f ( y), respectively.
2. Initial and boundary conditions for finite surfactant supplya representation of solution deposition. The deposition of a droplet of an SDS-glycerol solution onto a liquid rivulet is represented in our model by finite surfactant supply. A limited initial quantity of surfactant is distributed uniformly in the region 0 # x # x 0 , reflected by the initial conditions for surface concentration
and bulk concentrations
which subsequently depletes during the spreading process. In the experiments, the height of the deposited surfactant drop was up to 10 times the center height of the rivulet. Consequently, we accounted for the presence of the droplet in the initial height profile, as sketched in Fig. 9 
where the parameter h drop was varied between 0 and 10. Because of the spreading of the droplet, extreme film thinning -as observed for solid deposition -does not occur and disjoining pressure effects need not to be considered. Consequently, eqn (32) and (33) 
The applicable BCs at
The remaining BCs given in eqn (21)-(24) remain valid.
B. Surfactant spreading simulations using the ALE method
The assumption of fast vertical diffusion
is only valid for sufficiently thin films and large diffusion coefficients, such that the bulk concentration is to good approximation independent of the vertical coordinate z. In the case of soluble surfactants, the rim height can be up to 4 times the initial rivulet height, such that this assumption may not be automatically fulfilled in the rim region. To evaluate the consequences of vertical concentration non-uniformities, we model surfactant spreading without utilizing the lubrication approximation. We implement the deformability of the computational domain using the Arbitrary Lagrangian-Eulerian (ALE) method. This approach allows for a time-dependant mesh that is suitable for solving problems with moving interfaces. We implemented a two-dimensional model for surfactant spreading at the liquidair interface using this method, since computational costs of three-dimensional ALE calculations are too high given the small aspect ratio of our systems. The flow of the liquid sub-phase is modeled with the full Navier-Stokes equations. The surfactant bulk concentration evolves according to the convection and diffusion eqn (1) . Surface transport of the surfactant adsorbed at the liquid-air interface is described by
where c s (x) ¼ c(z ¼ h(x)) is the bulk concentration evaluated at the surface. Eqn (42) is reformulated for a one-dimensional domain z˛ 0; L 2 ! , which represents the interface via the parametrization
with the outward unit normal vector
Thus, we derive the one-dimensional evolution equation in the limit of vanishing surface diffusion
The BCs for the Navier-Stokes equation are
representing no-slip and no-penetration at the solid-liquid interface as well as no flux or symmetry at the lateral domain boundaries. In addition, surface tension gradients at the interface are taken into account via the weak form boundary condition 40 ð w$ s $nds ¼ ð gV s $wds ;
where g is the surface tension, w denotes a test function, and s is the stress tensor. The BCs for the surfactant surface and bulk concentrations are
Eqn (50) indicates that the surfactant does not adsorb at the solid-liquid interface. Eqn (52) and (53) is conserved. In Fig. 8(a) and (b) we present typical examples for the time evolution of the height profile h( x, y ¼ 0, t) and surfactant bulk concentration C( x, y ¼ 0, t) at the rivulet center line for, C 0 ¼ 1.4 and h drop ¼ 0. The formation of a propagating rim and a crater near the deposition area is qualitatively similar to insoluble surfactant spreading. 45, 46 The time evolution of the rim position x rim is presented in Fig. 9(a) . Within certain time intervals, the rim position
x rim (t) is well approximated by a power law
x rim z t a . The spreading exponents a extracted from the data presented in Fig. 9(a) fall in the range 0.35-0.47, depending on the aspect ratio 3 and the time interval for which a power law relation was fitted. For sufficiently large h drop , the numerically obtained spreading exponents are in excellent agreement with the experimental value of around 0.48 for solution deposition. Moreover, we found that the spreading exponent is independent of the initial concentration C 0 , consistent with the results of Fig. 6(a) .
The solid lines in Fig. 9(c) represent the time evolution of the rim height h max ( t) for different values of h drop . The rapid increase of h max ( t) for t ( 2 represents the rim formation in the early stage of the spreading process. Several local maxima in h max ( t) are observed. As in the case of insoluble surfactant, 45 the maximum around t ¼ 20 is due to the decay of transverse surface tension gradients. Fig. 9(d) illustrates the occurrence of a fingering instability for h drop ¼ 5 at time t ¼ 790. The general morphology and the formation of two main fingers are in good qualitative agreement with the experimental observation in Fig. 4 . The time t ¼ 790 for h drop ¼ 5 coincides with the onset of the late-stage increase of h max as indicated with the downward-oriented arrow in Fig. 9(c) for the curve with red circles. We therefore conclude that the spreading of the deposited droplet and the subsequent finger formation enhance the surfactant transport across the crater region and thereby boost the rim propagation. Larger values of h drop induce larger increases in h max , and this increase in the rim height is also observed sooner. Fig. 10 (a) and (b) show the time evolution of the height profile h( x, y ¼ 0, t) and surfactant bulk concentration C( x, y ¼ 0, t) at the rivulet center line, for parameters
B. Continuous surfactant supply representing solid deposition
x 0 ¼ 1 and C 0 ¼ 11.2. In Fig. 11 we present the dimensionless position and the maximum height of the rim for two different cases with values of x 0 ¼ 0 and 1. The essential difference between these two cases C( x, y ¼ 0, t) for the parameters settings is the absence or presence of trapped liquid in the deposition region. In the case of x 0 ¼ 1 the spreading exponent a ¼ 0.41, fitted in the interval 500 < t < 1000, is in excellent agreement with the experimental results in Fig. 5 .
The rim height evolution for x 0 ¼ 1 is qualitatively similar to the case of finite supply. However, the maximum rim height in Fig. 11(b) is significantly larger than in the case of h drop ¼ 0 in Fig. 9(c) . The crater formation and extreme film thinning close to the perimeter of the surfactant deposition region at x ¼ x 0 temporarily trap the sub-phase liquid in that region. 46 Parts of this trapped liquid are continuously released in the later stages of the spreading process, and undergo a fingering instability as shown in Fig. 12 . The rise in the rim height at t ¼ 400 in the case of
x 0 ¼ 1 [as indicated by the downward-oriented arrow in Fig. 11(b) ] is preceded by this expulsion and subsequent finger formation. This process is analogous to the phenomenon described in the previous section for the case of solution deposition, with the temporarily trapped liquid playing the role of the deposited solution droplet.
In the case of x 0 ¼ 0, the spreading exponent a ¼ 0.32, extracted from the results in Fig. 11(a) in the interval 10 < t < 1000, is smaller than both for continuous supply and the case of finite surfactant supply with
x 0 ¼ 1. For x 0 ¼ 0, extreme thinning in the crater region near
x ¼ 0 effectively cuts off the surfactant supply to the rivulet. As a consequence, no fingering instability occurs and no corresponding increase in the rim height is observed in Fig. 11(b) .
VI. Discussion
The early stages of the spreading dynamics are influenced by the details of the surfactant deposition procedure in the experiments and by the initial conditions and type of supply used in numerical modeling. Consequently, we focus on the later stages of the spreading dynamics for a comparison between experimental and numerical results. This choice is supported by the fact that exponents extracted from the later stage are found to be in good agreement with the experimental results. Moreover, in experiments a fingering instability is observed almost directly after C( x, y ¼ 0, t). All results have been obtained for parameter values 
Fig. 12
Numerical simulation of fingering instability for rivulets with continuous supply of soluble surfactant with
This journal is ª The Royal Society of Chemistry 2012 Soft Matter, 2012, xx, 1-13 | 9 surfactant deposition, while in our simulations the onset of its effect on the rim height and propagation rate occurs relatively late as shown in Fig. 11(b) and 12. Thus, the early onset of the fingering instability in experiments may cause experimental exponents to be larger than numerical ones at early times. Besides considering spreading exponents, we compare the rim height evolution and its non-monotonic variation. The open symbols in Fig. 13(a) and (b) represent measurements of the time-evolution of the rim height h max for two different values of h 0 . For h 0 ¼ 5.6 mm, a slow increase for t < 10 s is observed, followed by a more rapid increase around t ¼ 20 s and flattening after t ¼ 400 s. For h 0 ¼ 2.5 mm, a strong increase in h max is observed for t < 20 s, followed by a plateau region with a value of 3.6h 0 # h max # 3.75h 0 and a decline of the maximum film height for t T 200 s.
Since literature data for the sorption rate constants k 1,2 are not available, we treat the sorption coefficient K as a fit parameter in our model. Jensen and Grotberg reported that rapidly soluble surfactants (K ¼ 1000) induce a much higher rim height than surfactants with slow sorption kinetics (K ¼ 1) in one-dimensional surfactant spreading, but the comparison was limited to the very early stages of the spreading process. 24 In Fig. 13 (a) we also observe that larger K yield higher h max in the early stages of surfactant spreading along a rivulet. However, the effect of K diminishes at later times for t T 100 s. Thus, for suitably chosen K, the numerical results agree very well with the experimental data in the beginning, as indicated by the solid circles in Fig. 13 (a) and (b), but quantitative differences are observed later. The fitted values of K translate into k 2 ¼ 1.24 s for h 0 ¼ 2.5 mm, and k 2 ¼ 0.11 s h 0 ¼ 5.6 mm, although k 2 as a material parameter should be independent of h 0 . This discrepancy prompted us to find a possible explanation.
A. Effect of pre-contamination
Since airborne contamination often cannot be avoided during the experiments, Dussaud et al. 13 studied the influence of insoluble surface-active contaminants present at the liquid-air interface prior to the surfactant deposition. They found that a low level of pre-contamination has almost no effect on the spreading exponent for an axisymmetric geometry, but causes a noticeable reduction of the rim height.
We implemented pre-contamination in our model as an initially uniform concentration G cnt . We assume that the contaminants exhibit the same equations of state as the soluble system SDS-glycerol or the insoluble system oleic acid-glycerol. We consider the following three cases: a contamination level of 1 or 10% of the CMC of SDS-glycerol, or 2% of the surface concentration scale G c as defined in ref. 46 of the insoluble surfactant oleic acid. Results for pre-contaminated surfactant spreading in a 1D Cartesian geometry are presented in Fig. 14. A higher level of contamination lowers the peak value of the rim height at later times, whereby the insoluble contaminant has a stronger effect than the soluble one.
This finding motivated us to inquire whether surface-active contamination could explain the discrepancy between the experimental and numerical results for the rim evolution in Fig. 13 . Indeed, the curves depicted with solid circles and triangles indicate that an insoluble pre-contamination slightly lowers the rim height at later stages in Fig. 13(b) , but this is preceded by an overshoot in h max as marked by the arrow. Lateral surface tension gradients occur during surfactant spreading on uncontaminated rivulets as a consequence of the non-uniform transverse height profile. 45 Liquid is pushed from Fig. 13 (a) Measurement and simulations of the temporal evolution of the maximum film height for h 0 ¼ 2.5 mm, w ¼ 1.5 mm, the center of the rivulet to its edges, corresponding to a flattening of the height profile. When an insoluble contaminant is present, the contaminant concentration in the vicinity of the rim is higher near the rivulet edges than in the rivulet center, as illustrated in Fig. 13(c) for an initial insoluble contamination level of 0.02G c . This induces a transverse surface tension gradient that pushes liquid from the edges towards the center of the rivulet and causes the overshoot in Fig. 13(b) marked by the arrow. A shallow local maximum ahead of rim is observed in Fig. 13(c) as marked by the arrow. This maximum is absent in simulations without contamination, but is frequently observed in experiments, as indicated by the red arrows in Fig. 3(a) . Despite this qualitative agreement, we nevertheless conclude that contamination very likely cannot explain the difference between the experimental and numerical rim height profiles in Fig. 13 .
B. Effect of non-uniform vertical concentration profiles
To elucidate the influence of non-uniform vertical concentration profiles on the rim height evolution, we performed two-dimensional simulations of surfactant spreading accounting for domain deformability using the ALE method. Fig. 15 shows the height profile h(x,t ¼ 10 s) and concentration distribution c(x,z,t ¼ 10 s) for different values of the bulk diffusion coefficient D b and finite surfactant supply. A smaller coefficient D b results in a significantly reduced rim height. Fig. 15(c) shows the bulk concentration profiles at the rim positions c(x rim ,z,t ¼ 10 s) for D b ¼ 10 À9 and 10 À11 m 2 s À1 .
A comparison of the rim height evolution extracted from 2D ALE and 1D lubrication simulations is given in Fig. 15(d) . A significant reduction in h max is observed for the full ALE solution relative to the lubrication results for D b ¼ 10 À11 m 2 s À1 .
When the value of D b is sufficiently large such that the vertical diffusion time scale t d ¼ h 0 2 /D b is smaller than the Marangoni time scale, the bulk concentration remains essentially uniform in the vertical direction. This allows the surfactant from the interface to effectively desorb into the entire sub-phase film thickness. On the other hand, for small D b , the bulk concentration has insufficient time to equilibrate, which leads to vertical concentration gradients as shown in Fig. 15(c) . Consequently, the bulk concentration at the surface is higher, and the amount of surfactant that is desorbed from the interface is reduced for smaller D b . This means that for dynamical reasons the surfactant effectively partitions less into the bulk, leading to a smaller rim height.
Assuming uniform vertical concentration profiles, Jensen and Grotberg 24 studied the effect of the surface-bulk partitioning parameter b, which they termed degree of solubility, on the rim height for the two cases of b / N, an effectively insoluble surfactant, and b ¼ 1, a 'highly soluble' surfactant. They observed that changing the value of b ¼ 1 to N induced a significant reduction in the rim height h max . In our simulations, the parameter b varies only due to the varying initial height h 0 , since the ratio k 1 /k 2 is fixed for a specific surfactant. However, we argue that the imbalance in time-scales t d > t M in our ALE-based simulations 'dynamically' induces a similar effect as b increases and thus leads to a reduction in the rim height. We thus conclude that accounting for vertical concentration non-uniformities potentially significantly improves the agreement between numerical and experimental rim height profiles in Fig. 13 .
VII. Summary and conclusion
We studied the spreading of the soluble surfactant SDS on narrow glycerol rivulets, which were defined by chemical surface patterning of flat and impenetrable Si substrates. We monitored the evolution of the liquid height profile after surfactant deposition at the liquid-air interface both numerically and experimentally using interference microscopy. In our experiments we deposited either small droplets of a surfactant solution in glycerol or a small quantity of solid SDS in the form of compressed powder. The corresponding changes in the initial condition led to significant differences in the spreading behavior.
To complement and rationalize the experimental observations, we developed two different numerical models. The first is based on the lubrication approximation and the assumption of vertically uniform concentration profiles. The second model is based on the full Navier-Stokes equation and convection-diffusion equations for bulk-and surface surfactant transport. It accounts for domain deformability and allows for vertically non-uniform concentration profiles. The most prominent morphological feature of the spreading process is the formation of a local maximum in film thickness and its propagation along the rivulet. Its position can be well approximated by power-laws x z t a . A proper choice of initial and boundary conditions in the numerical models resulted in spreading exponents that are in excellent agreement with the experimental results. The influence of fingering instabilities, commonly observed during the spreading process, on the rim shape and the propagation rate was discussed. The rim height profiles deduced from experiments were in excellent agreement with numerical simulations based on the lubrication approximation at early times, but systematically lower at later stages. The origin of this discrepancy was identified with the help of deformable-domain simulations and resides in vertical concentration non-uniformities in the rim region that are not accounted for in the lubrication model. This journal is ª The Royal Society of Chemistry 2012 
